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Concurrence and negativity as distances 
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In this report we consider the three dimensional subset of the space of states of two qubits that 
may be written in the so called standard form. For those states we show that different measures of 
entanglement, specifically concurrence, negativity and the Hilbert-Schmidt distance are proportional 
to the euclidean distance between the point representing the state in the three dimensional parameter 
space and the set of separable states. 
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I. INTRODUCTION 



The possibility of preparing quantum systems of few 
particles in entangled states may be the more character- 
istic aspect of quantum dynamics. It is the one which 
is farthest of our classical intuition and the one which 
tests with more exigence our comprehension of the quan- 
tum world [J Q • Recently entanglement and its counter- 
part decoherence gain also importance as a key element 
in the discussion about definitions and applications of 
quantum computing, quantum cryptography and quan- 
tum teleportation[3|. 

The quantification of the degree of entanglement 0, H[ 
corresponding to a quantum state is of great importance 
both for the understanding of fundamental aspects of 
quantum mechanics and for possible applications. For 
systems with many degrees of freedom developments had 
stressed approximate methods for the separation of the 
entangled component of a given configuration. @, 0, 
and a complete characterization has not been achieved. 
But for two qubits systems the works of Peres, Horodecki, 
Hill, and Wootters d, 0, H, Q have established the base 
for a complete discussion of entanglement in terms of al- 
gebraic properties of the density matrix. The so-called 
Peres-Horodecki criterium 0, 0] on one hand and con- 
currence as defined by Wootters 0] in the other give the 
tools to distinguish completely entangled states from sep- 
arate states. Other entanglement measures e.g entangle- 
ment of formation [lOj| and the Hilbert Schmidt distance 
HHEE 03 also work consistently for these systems. More 
recently in Refs.flJ, EH some interesting geometrical as- 
pects of the separable and entangled sectors of the space 
of physical states were discussed. 

In this paper we discuss further two qubits systems. 
For states in the three dimensional subset of the physi- 
cal space that may be written in the standard form [14j | 
(see Eq. (TTU1) below) we show the specific geometrical 
relation between concurrence [p, negativity [la. [l7j. and 

111 13 . [rj and the euclidean 



Hilbert Schmidt distance 
distance between the point representing the state in the 
three dimensional parameter space and the set of sepa- 
rable states. 



II. ENTANGLEMENT MEASURES 

Let us first discuss very briefly the definitions and 
properties of the entanglement measures that we need 
for our discussion below. For a pure state of a composed 
system with subsystems A and B, entanglement is de- 
fined as the entropy of either of the two subsystems . 
The entanglement of formation of a mixed state p de- 
fined as the average entanglement of the pure states in 
its decomposition minimized over all decompositions (To| 
is a good measure of the entanglement of the system. It 
can represented as a monotonically increasing function 
of concurrence introduced in 0, Q which then can also 
be taken as an entanglement measure. For two qubits, 
given a density matrix p , concurrence @ is calculated in 
terms of the eigenvalues R\ , R2 , -R3 , R4 of the matrix R 
defined by, 



R = 



P <7y 



It is given by 



C = max{0,2VE^-(\ARi- 
where 



R m = max{R!, R 2 , R3, R4} 



(1) 



^)} (2) 



(3) 



For maximally entangled states concurrence is 1 wether 
for separable states is zero. 

The Peres-Horodeky Q condition establishes that a 
matrix is separable if its partial transposed matrix has 
only positive eigenvalues, ie. if the partial transposed 
matrix belongs to the physical space of the two parti- 
cles. For 2x2 systems this condition is also sufficient to 
characterize a separable state 0] • In fact it happens that 
for these systems the partial transpose of a nonseparable 
state has one negative eigenvalue A^y. Negativity [l6l[l7j 
may then be defined (for two qubits systems) as twice 
the absolute value of this negative eigenvalue. 



En = 2max(0, —\n) 



(4) 



and may be used also to quantify entanglement. Finally 
another entanglement measure we will use in what follows 
is the Hilbert Schmidt [III EH 03 distance given by 



Dhs(p) = min||w-/j|| 2 



(5) 
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where S is the set of separable states and 

II ^ — = Tr {uJ 2 + p 2 -2y/p Py /p) 



(6) 



III. THE GEOMETRY OF THE TWO QUBITS 
HILBERT SPACE 



For two qubits systems which are the ones we are con- 
cerned in this note, density matrices are represented in 
terms of the Pauli matrices (<7 M i — > cr = I, (jj) in the form, 



P = 7 




(7) 



Local unitary transformations do not modify the degree 
of entanglement of a given state. On the other hand 
entanglement may be modified by filtering operations. 
Verstraete et al [15| show that filtering operations on two 
qubits correspond to Lorentz transformations on the real 
parametrization ([7]) of the density matrix. For filtering 
operations of the form, 



, _ (A®B)p(A®B)i 
9 ~ Tr[{A®B)p{A®B)^ 

they show that concurrence transforms as 



C" = C 



\det(A)\\det(B)\ 
Tr[A^A <E> B[]Bp 



(8) 



(9) 




Since it appears a normalization factor in this relation, 
it links the changes in entanglement to the non-locality 
of the transformation. Leinaas et al |l4j working on this 
characterization of the filtering operations then showed 
that by means of such transformations any density matrix 
of the form ([7]) can be transformed to the standard form 



(10) 



with separable states mapping on separable states. These 
results suggests that although restricted the space of 
states written in the standard form should be neverthe- 
less useful to understand partially the properties of the 
whole set of states particulary in relation with separabil- 
ity- 

Following [14], [jjl we consider the geometrical space 
V with coordinates r^. The eigenvalues of the density 
matrix are given by 



1 



Pi 



(1 + r x - r y + r z ) 



P2 = j (1 - r x + r y + r z 



(11) 



(12) 



Pi 



(14) 



and are necessarily positive. The equations p t — de- 
fine planes in V below each one of the matrices de- 
fined by (|10p no longer is an acceptable density ma- 
trix for the two particles. Taken together, these four 
planes define a tetrahedron with vertices at [r x , r,, , r z ) — 
{(-1, 1,1), (1, -1, 1), (1, 1, -1), (-1, -1, -1)} [14]. The 
points inside the tetrahedron correspond to physical 
states of the two particles and the points outside do not 
belong to the physical space. This tetrahedron may be 
called the physical tetrahedron. In the vertices of the 
physical tetrahedron are located the points representing 
the states of maximal entanglement or Bell states. 

The partial transposition used to implement Peres- 
Horodeky criterium produces the following changes on 
a density matrix written in the standard form, 



(15) 



This means that under partial transposition 
the physical tetrahedron is transformed to an- 
other tetrahedron, the Peres-Horodeky tetra- 
hedron which has vertices at (r x ,r y ,r z ) = 
{(-1,-1,1), (1,1,1), (1,-1,-1), (-1,1,-1)}. 

The intersection between these two tetrahedrons which 
is an octahedron is the set of separable states which may 
be written in the standard form. 



IV. CONCURRENCE AND NEGATIVITY AS 
DISTANCES 

The four smaller tetrahedrons, one near each of the ver- 
tices of the physical tetrahedron make together the set 
of entangled states that may be written in the standard 
form. For a state in this set, the natural way to quantify 
entanglement is taking the euclidian distance from the 
state to the octahedron of separable matrices. In order to 
measure this distance one must determine first in which 
corner of the physical tetrahedron is the state located 
and then simply calculate the distance to the octahe- 
dron by calculating the distance to the respective plane 
of the Peres-Horodeky tetrahedron. For example, the 
Euclidean distance of the point (r Xl r y ,r z ) = (1,-1,1), 
which corresponds to a maximal entangled state, to the 
octahedron is equal to the distance from this point to 
the plane x — y + z — 1 — which is the nearest side 
of the Peres-Horodeky tetrahedron to the point under 
study. In this case one gets D(l,— 1,1) = 2/\/3. For 
a general point near the same vertex the distance to the 
octahedron is computed using elementary vector calculus 
to be 



P3 = | (1 + r x + r y - r z ) 



(13) 



D{r x ,r y ,r z ) 



1 



V3 



1) 



(16) 
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To compare with concurrence we observe that for matri- 
ces written in the standard form one has 



R = p 2 



(17) 



then the eigenvalues of R are {p\, p\, p\, p^}. The con- 
currence is given by, 



C = 



;{0,2/3 m - (pi + p 2 + p 3 + Pi)} (18) 



where 



p m = max{pi, p 2 , p 3 , Pa} 



(19) 



For the point (r x ,r y ,r z ) = (1, —1, 1), of our example one 
has, 



Pi = l,p2 = P3 = Pa = 



(20) 



Then p m = p\ = 1 and concurrence is 1 as should be for 
a maximal entangled state. For points in the small tetra- 
hedron near this vertex p m = pi =/= 1 and concurrence 
takes the value, 

C = 2pi- (pi+ P2 + Ps + Pa)}- (21) 
Subtituting the values of the eigenvalues one obtains: 

C = - (1 + r x - r y + r z ) - 1 = - (r x - r y + r z - 1) 

(22) 

Then from Eq. (fT6|) and (|22|) one obtains the following 
relation between the concurrence and the euclidean dis- 
tance, 



D = 



2C 

71 



(23) 



To obtain the relation between (|16p and negativity we 
note that the eigenvalues of the partial transposed matrix 
are given by [14j , 



1 



(1 + r x + r y + r z ) 



(24) 



Pi 



(27) 



Taking again the point (1,-1,1) one gets pf T = p% T = 
p^ T = 1/2 and p^ T = —1/2. For points in the corner 
near this vertex the negative eigenvalue of the partial 
transposed matrix will still be pf T . From (|27[) one ob- 
tains the equivalence between concurrence and negativity 
for states written in the standard form, 



C 



-2 Pi 



PT 



E 



N 



(28) 



Hence negativity is also proportional to the euclidean 
distance (|16[) . For points in the other three tetrahedrons 
of entangled states analogous results are proven in the 
same way. Finally using the same tools it is straightfor- 
ward to check that the Hilbert Schmidt distance §5§ also 
is proportional the euclidean distance (|16[) . 

V. CONCLUSION 



In this report we consider two qubits systems as char- 
acterized by Leinaas et al in Ref.|l4j. We show that for 
elements of the three dimensional set of states which can 
be represented in standard form 



14] 



concurrence 



is 



given by a/3/2 times the geometrical distance from the 
point representing the state in the parameter space to 
the set of separable states in the same representation. 
For states in this set negativity as defined in Eq. (|27j) and 
concurrence take the same value and also proportional to 
the Hilbert-Schmidt distance. As an application of this 
computation we note that in the space of states written 
in the standard we are allowed to choice sets of states 
with the same entanglement by direct geometrical inspec- 
tion. It should be interesting to combine the properties 
of the filtering operation (see Eq.©) and the geometrical 
aspects discussed in this note to characterize the entan- 
glement of general states which are not written in the 
standard form. 



+ r z ) 



(25) 
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